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A TWISTED FIRST HOMOLOGY GROUP OF THE HANDLEBODY 

MAPPING CLASS GROUP 

TOMOHIKO ISHIDA AND MASATOSHI SATO 


Abstract. Let Hg be a 3-dimensional handlebody of genus g. We determine the twisted 
first homology group of the mapping class group of Hg with coefficients in the first integral 
homology group of the boundary surface dHg for g >2. 


1. Introduction 

Let Hg be a 3-dimensional handlebody of genus g, and the boundary surface dHg. We 
denote by Hg and Aig the mapping class group of Hg and the boundary surface respec¬ 
tively. These are the groups of isotopy classes of orientation preserving homeomorphisms of 
Tig and Hg. Let U be a closed 2-disk in the boundary Tg of the handlebody, and pick a point 
* in IntU. Let us denote by H* and Hg^i the groups of the isotopy classes of orientation 
preserving homeomorphisms of Hg fixing * and D pointwise, respectively. We also denote by 
Ai*g and the groups of the isotopy classes of orientation preserving homeomorphisms of 
Tg fixing * and D pointwise, respectively. We use integral coefficients for homology groups 
unless specified throughout the paper. 

In the cases of the mapping class group Al* and Aig of a surface Morita [121 Corol¬ 
lary 5.4] determined the first homology group with coefficients in the first integral homology 
group of the surface. Morita m Remark 6.3] extended the first Johnson homomorphism to a 
crossed homomorphism Al* —)■ ^A^{Hi(Tg)), and showed that the contraction of this crossed 
homomorphism gives isomorphisms Ri(Al*; Ri(Eg)) = Z and Hi{Aig; Hi{Tg)) = — 

2)Z when g > 2. For twisted homology groups of the mapping class groups of nonorientable 
surfaces, see Stukow [IB] • In the cases of the automorphism group Aut and the outer auto¬ 
morphism group Out Fn of a free group of rank u, Satoh Cl computed iJi(Aut H^{Fn)) 
and Hi{Out Fn] H^{Fn)) for n > 2. Kawazumi [8] extended the first Andreadakis-Johnson 
homomorphism to a crossed homomorphism Aut Fk —)■ H^{Fn) 0 The contrac¬ 

tion of this crossed homomorphism also gives isomorphisms Hi(Aut Fn', H^(Fn)) = Z and 
H,(OutF^;H\F^)) = Z/(n-l)Z. 

In this paper, we compute the twisted first homology groups of Hg and H*g with coefficients 
in the first integral homology group of the boundary surface Tg. Note that the restrictions 
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of homeomorphisms of Hg to Tig induce an injective homomorphism T-Lg —)■ Aig, and we treat 
the group Hg as a subgroup of Aig- The followings are main theorems in this paper. 

Theorem 1.1. 

(z/{2g-2)Z tfg>A 

Hi{:Hg-Hi{Tg))^\z/AZ®Z/2Z if g = 3, 

[(Z/2Z)2 ifg = 2, 

Furthermore, when g > A, the homomorphism Hi{l-ig] HiiTg)) — Hi{M.g-, HiiTg)) induced 
by the inclusion is an isomorphism. When g = 2,3, this homomorphism is surjective and the 
kernel is isomorphic to Z/2Z. 

Theorem 1.2. 


H.iHgX^H.iTg)) = H.iniiH.iTg)) = 


Z 

Z © Z/2Z 


^f9 > 4 , 
if g = 2,3. 


Furthermore, when g > A, the homomorphism FfiijH*; Hi(Tg)) —)■ F[i{Ai*g; F[i{Tg)) induced 
by the inclusion is an isomorphism. When g = 2,3, this homomorphism is surjective and the 
kernel is isomorphic to Z/2Z. 


In this paper, we also study relationships between the second homology groups of FLg, 
'H*g, and FLg^i. The second homology group of M.g is calculated by Harer [3] when g > 5. 
It contains some minor mistakes and these are corrected in [1] later. For surfaces with an 
arbitrary number of punctures and boundary components, see Korkmaz-Stipsicz |9]. See also 
Benson-Cohen |T] and Sakasai [16] for low genera. There are some results which imply that 
the cohomology group of the handlebody mapping class group Hg is similar to that of Aig. 
Morita m Proposition 3.1] showed that the rational cohomology group of any subgroup 
of the mapping class group decomposes into a direct sum. Later, Kawazumi-Morita [71 
Proposition 5.2] generalized it to the cohomology group with coefficients in ^4 = Z[l/( 25 f —2)]. 
In particular, the cohomology group of the handlebody mapping class group with a puncture 
decomposes as 

H^{H*g; A) = H^iHg] yl) © H^-\Hg-, H\Tg-, kl)) © H^-\Hg-, A). 

Hatcher-Wahl [5] showed that the integral cohomology groups of the mapping class groups 
of 3-manifolds stabilize in more general settings. Hatcher also announced that the rational 
stable cohomology group coincides with the polynomial ring generated by the even Morita- 
Mumford classes. However, as far as we know, even the second integral homology group of 
handlebody mapping class groups has not been computed yet. 

Here is the outline of our paper: 

In Section 2, we investigate the relationship between the second integral homology group 
of the handlebody mapping class group fixing a point or a 2-disk in Tg pointwise with that 
of Hg using Theorem 11.11 
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In Section 3, we compnte the twisted first homology gronp Hi(I]g)) to prove The¬ 

orem [LT] in the case when g > 4:. We also compnte the twisted hrst homology gronps of Tig 
with coefficients in Ker(ifi(Sg) —)■ Hi{Hg)) and Hi{Hg). 

Let Cg denote the kernel of the homomorphism l-ig —)■ Ont( 7 riifg). The exact sequence 

1 -)■ Cg ->• l-ig -)■ Out(7riiLg) ->• 1 

induces exact sequences between their hrst homology groups with coefficients in Ker(iLi(Sg) —)■ 
Hi{Hg)) and Hi{Hg). Luft [10] showed that the group Cg coincides with the twist group, 
which is generated by Dehn twists along meridian disks. Satoh mi determined the twisted 
hrst homology groups ifi(Out iLi(F„)) and ifi(Out Applying Luffs and 

Satoh’s results to the exact sequences, we can determine Hiil-ig] HiiCg)) when g > 4. 

In Section 4, we review a hnite presentation of the handlebody mapping class group Hg 
given by Wajnryb [T^ . 

In Section 5, we compute the twisted hrst homology group Hi(l-Lg; Hi(T,g)), using the 
Wajnryb’s presentation of the handlebody mapping class group Hg to prove Theorem 11.11 in 
the case when g = 2, 3. 

In Section 6 , we prove Theorem 11.21 and also compute the twisted hrst homology groups 
of 1-L*g with coefficients in Ker(iLi(Sg) —)■ Hi{Hg)) and Hi{Hg). 

2. On the second homology of the handlebody mapping class groups fixing 

A point or a 2-disk pointwise 

In this section, we introduce some corollaries of Theorem 11.11 which give relationships 
between the second homology groups of Hg, H* and Hg^i. 



Figure 1. a 2-disk D and simple closed curves cti,..., ag, /5i,..., /5g, 7 

Let UCg denote the unit tangent bundle of Cg. Let ai,... ,ag, (3i,..., (3g be oriented 
smooth simple closed curves as in hgure [H and denote their homology classes in HiiCg) 
by xi = [ai],X 2 = [ 02 ],..., Xg = [ag],yi = [A], 1/2 = [(32],...,yg = [(3g]. We also denote 
by 7 a null-homotopic smooth simple closed curve in hgure [H There are natural liftings 
of «!,..., ag, /?!,..., jSg, 7 to UCg, uud let us denote their homology classes in HiiUCg) by 
Xi, X 2 , ■ ■ ■, Xg, yi, y 2 , ■ ■ ■, yg, z, respectively. For a group G and a G-module M, let us denote 
by Mg its coinvariant, that is, the quotient of M by the submodule spanned by the set 
{gm — m I m G M, g G G}. 
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Lemma 2.1. For g > 2, 

= 0 . 

Proof. For a simple closed curve c in we denote by the Dehn twist along c. As in |6l 
Theorem IB], we have toniyi) = Vi + Xi for z = 1,... ,g. Note that our c is denoted by c 
in | 6 ], and is different from c. Hence, we have xi = ■ ■ ■ = Xg = 0 E Hi{U'Fg)ug- Let 5[ 
and a' be simple closed curves as depicted in Figure [ 2 ]forl<z< 5 f — 1. Let us denote 
hi = E A4g. Since hi{ai) = ai when I ^ i, and hi{ai) = a', the mapping class hi 

is actually an element of the handlebody mapping class group Fig. We obtain 



Figure 2. simple closed curves 5' and a' 

hi{xi) =Xi- Xi+i - z and hi{yi+i) =yi + jji+i - z, 

ioT i = 1,..., g — 1. Thus we have z = iji = ■ ■ ■ = ijg-i = 0 G Hi{U'Fg)ug- Since the rotation 
r E Fig of the surface about a vertical line by 180 degrees maps yg to —yi, we also obtain 
% = 0 . □ 

Using the mapping classes hi and r, we can also show: 

Lemma 2.2. For g >2, 

Ker(ifi(S,) ^ H^{Hg))Hg = 0. 

Proposition 2.3. When g > 

H2{H;)=H2{Hg)®Z. 

Proof. Let us denote the Lyndon-Hochschild-Serre spectral sequences of the forgetful exact 
sequences 

1 -)■ TTiSg -)■ M*g -)■ Mg -s- 1, 

1 -)■ TTiSg -^ "H* -)■ Fig -)■ 1 

by and respectively. By Lemma [2Tl we have Hi{T,g)Mg = = 0. 

Thus the E°° terms of both spectral sequences are as follows. 


77'OO 
■^0,2 

*■ 

*■ 

0 

E^i 

* 

z 

HiiMg) 

H2{Mg) 


771 OO 
-^0,2 

* 

*■ 

0 

E^i 

* 

z 

Hiing) 

H2{'Hg) 
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Therefore, we have a morphism of exact sequences 

0 -^ ^ ^ H^iUg)) -^ ^ 0 

0 -^ Ker(if2(A^P H2{Mg)) -)> 0 

induced by the inclusion Ti* —)■ Ai*. As explained in [HI Propositions 1.4 and 1.5], Ker(ip 2 (Alp 
H2{A4g)) = Z and E ^2 = -^02 — ^ when g > 4:. It is also true when = 3 as in [161 Corol¬ 
lary 4.9] (see also [H]). Moreover, there exists a surjective homomorphism Si : H 2 {Aig) —)■ Z 
dehned in [3l Section 0] which maps the fundamental class [Eg] G H 2 (T,g) = E^^ fo {‘^9 ~ 2)- 
times a generator and whose restriction to KeT{H 2 {Ai*) —)■ H 2 {M.g)) is surjective. These 
facts show that is a cyclic group of order 2g — 2. Since Morita [12] showed El^^ = 
Hi{M.g'i Hiijlg)) = 'Ll{2g — 2)Z when g>2,we obtain Ef -^^ = E^^. 

When g > 4, this fact and the isomorphism Hi{'Hg; Hi{'Eg)) = Hi{M.g] iPi(Sg)) show that 
in the commutative diagram 

-^1,1 ^ -^IT 

we have an isomorphism E'^^ = . As a conclusion, we obtain 

Kei{H2{n*g) ^ H2{Ug)) = Kei{H2{M*g) ^ H2{Mg)) = Z. 

Consider the commutative diagram 

0 -^ Z -^ H2{V-*g) -^ H2{V.g) -^ 0, 

0 -^ Z -^ H2{M*g) -^ H2{Mg) -^ 0. 

Since the lower exact sequence splits, we obtain H 2 {'Hg) = H 2 {'Hg) © Z. □ 

When g >2, Lemma l?T] and the hve term exact sequences induced by the exact sequences 

1 -^ TTiSg -^ Wg -^ Hg -^ 1, 

1 - > TllUYjg -)■ l-ig^l -)■ Hg -)■ 1 

imply: 

Lemma 2.4. When g >2, 

Hi{ng,i)^Hi{ni)^Hi{ng). 

Remark 2.5. By the Wajnryb’s presentation which we review in Section ITTl we can compute 
the abelianization as follows: 

{ Z © Z/2Z if = 1, 

Z©(Z/2Z)2 if ^ = 2, 

Z/2Z if ^ > 3. 
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We can also see that it is generated by Si = when g > 3. Note that Wajnryb made 

a mistake in his calculation of the abelianization in m Theorem 20] when g = 2. 


In the following, we choose a 2-disk D in the boundary Tig so that it is disjoint from the 
simple closed curves ai,... ,ag, (3i,..., (3g as in Figure [T] and pick a point * in Int D. 


Lemma 2.6. When g > 3, 

H2{'H*g)^H2{'Hg,,)(BZ. 


Proof. Let tt : PLg^i —)■ PL* denote the forgetful map. The Gysin exact sequence of the central 
extension 

0 -^ Z -^ Hg,i H*g -^ 1. 

is written as 

H,{'H*g) 4 H^iUg,,) ^ H2{'H*g) ^ Z 4 

Recall that the Gysin homomorphism vr' : HiiPi*) — H 2 {Pig^i) maps [h] to [h\tQ£)] — [tgDlh] 
in the bar resolution for g G PL*, where h G PLgg is the inverse image of h under tt. By 
Lemma [23] and [T9l Theorem 20], Hi{PL*g) is the cyclic group of order 2 generated by si when 
g > 3. Note that we can choose a representating diffeomorphism of si whose support is in 
a genus 1 subsurface S' of — Int D. Moreover, using the lantern relation, we can obtain a 
2-chain which bounds [ign] G CiiTigg) whose support is in (S^ —Int D) — S. Thus there exists 
a 3-chain which bounds [sil^ai^] — [taD|si] G C 2 {PLgg), where si = G PLgg. Hence, the 

Gysin homomorphism tt' : Hi{PL*g) —?■ H 2 {PLgg) is the zero map. Since [tgo] = 0 G HiiPLg^i), 
the homomorphism vr' : Z —)■ HiiPLgg) is also trivial. Thus we obtain the exact sequence 


0 ^ H2{Hg,i) ^ H2{n*g) ^ Z ^ 0. 


□ 


Both of the direct sum decompositions of H 2 {PL*) in Proposition 12.31 and Lemma [2.61 are 
induced by the composition of the natural homomorphism H 2 (PL*g) —?■ H 2 {Ai*g) and Si : 
H 2 {M*g) —)■ Z defined in [3 Section 4] up to sign. Thus we obtain: 

Corollary 2.7. When g > 

H2{ng,i) = H2{ng). 


3. Proof of Theorem 11.1! for g>A 

In the rest of this paper, we write H for HiiTg) and denote by L the kernel of the 
homomorphism HiiTg) —)■ HiiHg) induced by the inclusion for simplicity. Note that HiiHg) 
is isomorphic to H/L as an "Hg-module. In this section, we prove Theorem 11.11 when g > 
Luffs result on Ker('Hg —)■ OutF^) and Satoh’s result on Out Fg make it much easier to 
determine the first homology HiiPLg; H) when g > 4: than when g = 2,3. 
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Lemma 3.1. Let g > 2, and G a subgroup of the mapping class group M.g- When the 
induced map Hi{UT,g)G —)■ Hq by the natural projection is injective, there exists a surjective 
homomorphism 

Hi{G-,H) Z/{2g-2)Z. 


Proof. The exact sequence 

0 ^ 'Ll{2g - 2)Z -)■ Hi{U'Pg) -)■ if -)■ 0 

induces the exact sequence 

H^{G- H) ^ Z/iflg - 2)Z ^ H^{UT.g)G ^ Hg. 

Thus, we obtain the surjective homomorphism Hi{'Hg] H) —)■ Z/ {2g — 2)Z. □ 

Remark 3.2. The homomorphism Hi{G] H) —)• 'Ll{f2g — 2)Z is written in |T2l Section 6] 
explicitly. This coincide with the mod {2g — 2)-reduction of the contraction of the twisted 
homomorphism called the hrst Johnson homomorphism. In particular, the homomorphism 
Hi{G]H) —)■ Hi{A4g', H) induced by the inclusion is surjective. Note that the handlebody 
mapping class group PLg satishes the assumption of Lemma 13.11 because of Lemma 12.11 

By Lemma [2.11 we obtain a lower bound on the order of Hi{'Hg] H). For a simple closed 
curve c in Eg, we denote by 'Hg{c) the subgroup of Tig which preserves the curve c setwise. 

Lemma 3.3. Let M be an 'Hg-module on which Cg acts trivially. Then, we have an exact 
sequence 

Mugiai) - Hi{fHg]M) -)■ HiiOnt Fg] Mcg) -)■ 0 . 

Proof. The short exact sequence 1 —)■ —)■ Pig —>■ Out —)■ 1 induces an exact sequence 

(3.1) H^{Cg-M)ug ^ Hi{Ug-,M) ^ ifi(OutF,;M^J ^ 0. 

Luft [TOl Corollary 2.4] proved that Cg is normally generated by the Dehn twists along the 
curves ai and 6 in Figure [TJ When g > 2, the lantern relation implies that the Dehn 
twist ts can be written as a product of Dehn twists along boundary curves of meridian 
disks. Thus, Cg is normally generated by the Dehn twist along ai. Since Cg acts on M 
trivially, we have Hi{Cg] M)-^^ = {Hi{Cg) and it is generated by {ta^ | m e M}. 

Since the surjective homomorphism M —)■ Hi{Cg; dehned by m i—)■ 0 m factors 

through the exact sequence (13.Ih and this homomorphism induce the desired exact 

sequence. □ 

Lemma 3.4. (1) Hi{Cg-, H/L)y^^ = 0 or Z/2Z when g >2. 

(2) Hi{Cg] L)y^g = 0 when g > 3, and Hi{C 2 ', L)'^^ — 0 or Z/2Z when g = 2. 
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Proof. (1) Let us denote by Ui the image of Hi under the natural homomorphism H — 
Hi{Hg) = H/L induced by the inclusion. There exists a mapping class rij G Tig for 1<J <9 
which preserves ai setwise and satishes 




-Xi - X2 - - Xj, 

Xu otherwise, 



{yi-Vj, ifl</<j-l, 
[y;, otherwise. 


See Lemma IT75] for details. Then, we have ri^jifa^ ®yi) = ® Vi ^ Hi{Cg] H /Since 

rij commutes with and rij{yi) = yi — yj, we obtain <8 [yj] = 0 G Hi{Cg] H /for 

j = 2 , g. Since the mapping class preserves each Oj setwise for i = 1 , 2 , ... ,g, 

it is an element in Tig. Since it satishes = —yi, we have (8) \2yf\ = 0 G 

Hi{Cg-, H/L)y^^. As a conclusion, we obtain Hi{Cg-, H/L)-^^ = 0 or Z/2Z. 

(2) Since rij commutes with for j = 2,3,..., g, we obtain tai®[xi + X 2 + ■ —h 2xj\ = 
0 G Hi{Cg-, L)'Hg. For j = 1, 2,..., ^f, the mapping class Sj = G Tig also preserves ai 

setwise, and satishes 

Sj{Xj) = -Xj. 

Thus, we also have ® [2a;j] = 0 G Hi{Cg-, L)ucg. Consequently, we obtain tai < 8 ) [a^i] = 
tai < 8 ) [x 2 \ = ■ ■ ■ = tai ® [xg-i] = ta^ ® = 0) cind it implies Hi{Cg-, = 0 or Z/2Z. 

Now suppose g > 3. Then, there exists a mapping class (see Lemma 14.3p which 
preserves ai setwise and satishes tg_i{xg) = Xg^i. Thus, we also obtain ta^ ® [xg — Xg^i] = 0 
when g >3, and it implies Hi{Cg; = 0. □ 


Applying Lemma [3.31 to the cases M = H/L and L, Lemma [3.41 implies: 


Lemma 3.5. When g > 3, the exact sequence 1 —)■ —> LLg —)■ OutF^ —)■ 1 induces an 

isomorphism 

H,{Hg-,L)^Hi{OntFg-,H\Fg)). 

When g >2, it also induces an exact sequence 

Z/2Z -^ Hi{Ug-,H/L) -^ Hi{0\xiFg-,Hi{Fg)) -^ 0. 


The twisted hrst homology groups of OutF„ with coefficients in Hi{Fn) and H^{Fn) were 
computed by Satoh m Theorem 1 (2)] as follows. 

Theorem 3.6 (Satoh [T^ Theorem 1 (2)]). 

f Z/(n —1)Z whenn>A, 

(Z/2Z)^ when n = 3, 






Z/2Z when n = 2, 

0 when n > 4, 

Z/2Z when n = 2,3. 
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By Lemma 13.51 and Theorem 13.61 we obtain: 

Lemma 3.7. 

fz/(o-l)Z i/o>4, 

//iCH,; L) = { ^ H/L) = Z/2Z %f g > A. 

|^(Z/2Z)2 ifg = S, 

Remark 3.8. Theorem 13.61 and Lemma ITTI show H/L) —)■ Hi{OutFg]Hi{Fg))) = 

Z/2Z when g > A. Thus Lemma [3.41 (1) implies F[i{Cg] H/L)'^^ = Z/2Z when g > A. 

Remark 3.9. By Lemma 13.51 and Theorem 13.61 we see that the order of Hi{'Hg;H/L) for 
5 ^ = 2,3 is at most 4. In Propositions 15.91 and 15.151 we will show Hi{'H 2 ',L) = Z/2Z and 
HiiRLg] H/L) = (Z/2Z)^ for g = 2,3. By Lemma 13.41 (1) and Theorem 13.61 it also follows 
that Hi{Cg-, H/L)'}i^ = Z/2Z for g = 2,3. 

By Lemma [221 H^iRig^L) = = 0 for > 2. Thus, the short exact sequence of 

■Hg-modules 0 ^ L ^ H H/L —)■ 0 induces an exact sequence 

(3.2) Hi{Hg-,L) -^ H^{ng-,H) -^ H,{ng-,H/L) -^ 0. 

Lemmas 13.11 and 13.71 and the exact sequence fl3.2p give an upper bound on the order of 
Hi{'Hg', H). Comparing this with the lower bound obtained in Lemma [3.11 we complete the 
proof of Theorem 11.11 for g > A. 

Remark 3.10. In the proof of Theorem 11.11 above, we also see the sequence 

0 -^ H^{ng-,L) -^ H,{Hg-,H) -^ H^{Ug-,H/L) -^ 0 

is exact when g > A. 

A. The Wajnryb’s presentation of the handlebody mapping class group 

In this section, we review the Wajnryb’s presentation of the handlebody mapping class 
group Hg and compute the action of the handlebody mapping class group Rig to the first 
homology iLi(Sg). This is for preparing to calculate the twisted first homology Hi{RLg-,H) 
when = 2, 3 in Section [5l 

4.1. A presentation of the handlebody mapping class gronp. Let g >2. We identify 
the surface in Figure [1] with that in Figure [3l Let e* be a simple closed curve in Figure [3] 
for i = 1,...,— 1. By cutting the surface along the simple closed curves ai,... ,ag, 
we obtain a ( 25 f)-holed sphere with boundary components as in Figure 01 where 

Oj and (3i correspond to the boundary components 11 dt and the path from to dt, 
respectively. For integers i,j satisfying l<i<j<g,we denote by S-j-i and Sij the simple 
closed curves in Figure 01 For integers i,j satisfying 1 < i < g and 1 < j < (?, we also denote 
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Figure 3. the surface Tig 





Figure 4. the (25f)-holed sphere 




by S^ij the simple closed curve in Figure 01 For simplicity, we denote by a*, 6 ,, e*, di ^2 the 
Dehn twists along the curves ai, Pi,ej, 6 i^ 2 , respectively. Let us denote 

lo = 1 ,^}, 

Si = bialbi, 

ti for Z 1 , . . . , ^ 1 . 

Since L permutes the simple closed curves a* and cij+i, and hxes other cij, we also have 
ti G T-Lg. In the following, we denote cp *'ip = for E Hg. For i,j G Jq satisfying 

i < j, we denote 

dij = (ti-itj -2 • • • titj-itj_2 ■ • • ^ 2 ) * di ,2 if z > 0 , 
dij = (tzl_itZi _2 ■ ■ ■ ■ ^ 2 ) * di ^2 if i < 0 and z + j > 0 , 

dij = {tzl_itzl _2 ■ ■ ■ • • • ^ 2 ) * di ^2 if j > 0 and z + j < 0 , 

di,j = {tz]_itz]_2 ■ ■ ■tZ^tzl_itz]_2 ■ ■* di ,2 if J < 0, 
dij = (tj_idj—ijtj_ 2 dj— 2 j—i''' ti <^ 1 ^ 2 ) * if z -|- J = 0. 

Here, dij is actually the Dehn twist along dij in Figure0]as explained in [191 P- 211], However, 
to give a presentation of Hg with a small generating set, we treat dij as the products above. 
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We also denote 

d/ = ‘ ‘ ' ' ‘ ■ '^*2,*n*^*3,*4 ‘ ‘ ' ) (®*1 ‘ ' ' ^in) J 

where / = {ii,..., in} C Iq and ii < ■ ■ ■ < in, 

Cij = df, where I = {k E Iq j i < k < jj for i < j. 

Here, di and Cij are the Dehn twists along simple closed cnrves which enclose {di^,... ,di^} 
and {di,..., dj}, respectively. See [IHl p. 211], for details. Let ns denote 

/ = {(i, j) e Jo |i = 1,1 < j} U {{i,j) E ll\i <f),-i < i <g + i}, 

and 

Tij = bjajCijbj, for {i,j) E /, 

d ■ ■ ■ y 9 

Sj = {kj-ikj-2 ■ ■ ■ ki) * Si for j = 2, ..., g, 

z = 0102 • • • agSitit 2 ■ ■ ■ tg-iSiti ■ ■ ■ tg_ 2 Si''' sitiSidj, where / = {!,..., ^f}, 

Zj = kj-ikj -2 ■ ■ ■ kg+i-jZ for j > |- 

Here, rjj also lies in Hg as is explained in |T9l p. 211]. For E Tig, let ns denote their 
commutator by = (p'ip(p~^'ip~^. 


Theorem 4.1. [HI TheoremlS] The handlebody mapping class group of genus g admits the 
following presentation: The set of generators consists of ai,..., Og, di^ 2 , si, ti,..., tg-i, and 
i^ij for {i,j) E I. The set of defining relations is: 

(PI) [oi, Oj] = 1, [oi, dj^k] = f, for all i,j, k E Iq, 

(P2) Let i,j,r,s E Iq. 

(a) dfl * dij = dij ifr<s<i<j ori<r<s<j, 

(b) dfj * dij = dr,j * dij if r <i < j, 

(c) d~l * dij = (dijdsj) * dij ifi<s<j, 

(d) dpi * dij = [drj, dsj] * dij if r <i < s < j, 

(P3) djg = 1, 

(P4) di^ = a\k\ where h = h - [k] for k E Iq, 

(P5) titi+iti = ti+ititi+i for i = 1,... ,g -2, and [U, tf = 1 if 1 < i < j - 1 < g - 1, 

(P6) tf = di^i+id_i_i_ia~‘^a~f^^ for i = I,..., g - I, 

(P7) [si, Oi] = I for i = I,..., g, ti * at = Oi+i for i = I,..., g - I, [oj, tf = 1 for i,j E Iq 
satisfying j ^ i,i — 1 , and [L, si] = 1 for i = 2 ,..., g — 1 , 

(P8) [si,d2,3] = 1, [siyd- 2 , 2 \ = 1; SitiSiti = hsitisi, and [^*,^ 1 , 2 ] = 1 fori = 1,3,.. .,g-l, 
(P9) rfj = SjCijSg^cf] for {i,j) E I, 

(PIO) Let {i,j) E I. 

(a) rij * Oj = Cij and [rij, o^] = 1 if k ^ j, 

(b) [ri,j,tk] = lifk^ \i\,i or k = i = 1 < j - 1, 
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(c) [Vij, Sk] = lifk< \i\, j <k or k = -i, 

(d) = 1 e {z,... ,j - 1 } ork,m^ + 1 ,.. .J}, 

(e) [vij, Zj] = 1 if {i, j) = {l,g) orj=g + i, 

(f) Tij * dij = dj where J = {k E Io;i < k < j}, 

(g) rij * d_j^i_j = • • • ti) * c_ij, 

(h) Tjj * = (tj_ 2 tj _3 ■ • -ti-i) * Ci_ij ifi<0 and j + i>l, 

(i) r-j * = sjl^ * if j < g, 

(Pll) rjj * tj-i = t~\ * nj if (i, j) e I and -i + I ^ j, 

(P 12 ) (a) Let /i2 = ■ ■ ■ tf^kj_ikj_2 • • • ^2- 


ri,j = SjCijSjC^^jkj.iajCij.2tj-iC3j_itj\r^j_3Sj-ih2r^^lh2 

for 3 <j<g. 

(b) Let = sikj_ikj _2 ■ ■ ■k 2 - 

r-i,j = hrfihf^SjrfjcZlj_iCij-iaiSjC_ijSjcZlj 

for2 < J < g -1. 

(c) Let hs = s-itz\_itzl_i ■ ■ ■tZ^kj_ikj -2 ■ ■ ■ k 3 k 2 . 

f'ij — ^3^1,2^3 ^ jCi^jS jCj^j 

fori < —1 and {i,j) G I. 


-1 ^-1 


Remark 4.2. Note that there are some mistakes in the Wajnryb’s presentation in [19]. The 
mapping class Zj is dehned as the conjugation of z by kj-ikj _2 ■ ■ 'kg+i-j in [19]. However, 
as mentioned in [15], it should be dehned as the product kj_ikj _2 ■ ■ ■ kg+i-jZ. In (Pll), the 
condition —z + 1 7 ^ j is needed. The relations of type (Pll) are obtained in the situation 
when the pair of simple closed curves and d^k are separated by jij for k = j, j — 1 (see 
CASE 1 in [ini p.223]), and the equation r_Q_i)j = t~\ =t=r_Q_i)j in fact does not hold 
for any 2 < j < g. We also erase the relation in (P6) written in [19]. This is 

because we already dehned d-iy as sfaf. 

4.2. Action on the first homology JLi(Eg). Here, we compute the action of the handle- 
body mapping class group ?{g on the hrst homology IIi(Eg) of the boundary surface. Recall 
that xi,... ,Xg,yi,... ,yg are the homology classes represented by the simple closed curves 
Oi,..., ag, (3i,..., (3g in Figures [T] and [3l 

Lemma 4.3. For 1 < i < g, 



and 
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For each i,j G Iq such that i < j, 

di,j{xi) = xi, dij{yi) = 


e{i)x\i\ + e{j)x\j\ + yi if I = |i|, |j|, 
yi otherwise, 


where e{i) = 1 if i > t), and e{i) = —1 if i <t). 
For I < i < g — I, 

^i+l '^f I f 


+ Vi+l ^ — G 


ti{xi) = { Xi ifl = i + l, ti{yi) = { Xi+i + yi ifl = i + l, 


and 


xi otherwise, 


^i+i if I- ii 


yi 


otherwise. 


Vi+i if ^ i-i 


ki{xi) = { Xi ifl = i + l, ki{yi) = < yi ifl = i + l. 


xi otherwise. 


yi otherwise. 


For I < j < g, 


ri,j{xi) = 


-Xi 


Xl 


Xj if I = j, 

otherwise. 


Xi-\ - VXj + yi-yj */ 1 < / < J - 1, 

-^ - Vj */1 = j, 

yi otherwise. 


and for {i,j) G / such that i < 0, 

F,j{xi) = 


-x-i+i - Xj ifl = j, 

xi otherwise, 

x-i+i H- hXj + yi-yj ^f-i + l<l<j-l, 

rijivi) = { x-i+i H-h Xj-i + 2xj - yj if I = j, 

yi otherwise. 

Proof. The equations for the mapping classes Oj and dij are obvious because a* and di^. 
Dehn twists along cij and Sij respectively. Similarly we have 


bi{xi) = 


Xi-yi if / = i. 


yi 


otherwise, 


hi{yi) = yi. 


ioi 1 <i < g and 


Xi-yi + yi+i = i, 

ei{xi) = { Xi+i+yi-yi+i if / = i + 1, ei{yi) = yi, 
xi otherwise, 


for 1 < i — 1. 


are 
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Since U = e^aia^+ie^, 


Vi Vi l/^+l) ^^+1? 

) (^2+1 Vi 1/2+1) ^2(^2 Vi 1/2+1) ^25 

^2(1/2) (^2*^2^2+l) (1/2) ^2(^2 1/2) ^2 “ 1 “ I/2+I5 

^2(|/2+l) (^2*^2^2+l) (1/2+1) ^2(^2+! H“ 1/2+1) ^2+1 H“ 1/2 

and acts trivially on other x/’s and i//’s. 

Since hi 

^ 2 (^ 2 ) (*^2*^2+iti) ( 37 ^) (ciiCi^-i_i) (x^-i-i) X 2 + 1 , 

^2(^2+i) (*^2*^2+iti) (37^-(-i) (ciiCi^-(-i) (x^) 

^2(1/^ (^2*^2+lti)( 3^2 ^2+1 H“ 1/0 (^2*^2+l)( ^2+1 “t“ I/2+1) I/2+I7 

^Ol/2+l) (^2*^2+1^2)( ^2 ^2+1 1/2+1) (*^2*^2+l)( ^2 “1“ Vi) l/O 

and hi acts trivially on other x/’s and i//’s. 

Since 5i = biafbi^ 


Si+i) = {bial){xi - yi) = bi{-xi - yi) = -xi, 
SiiVi) = (biaDiyi) = 61 (2x1 + Vi) = 2xi - yi, 


and Si acts trivially on other x;’s and yi^s. The elements Sj’s are indnctively dehned by the 
recurrence relation Sj+i = kiSik~^. The element ki replaces Xi and x^+i with each other and 
yi and yi+i also. Hence the equation for Si follows by induction. 

Lastly, we verify the equations for rjj. In the case 0 < i < j, 


Since = bjajCijbj, 


Xi-\ - Xj +yi if i < / < j, 

yi otherwise. 


rijixj) = ibjajCij){xj - yj) 

= {bjaj){-xi - Xj_i - yj) 

= —Xi — ■ ■ ■ — Xj, 


and for 1 < I < j 


ri,j{yi) = {bjajCij){yi) 

= {bjaj){xi H- \-Xj +yi) 

_ \ a;i H- \-Xj +yi-yj if 1 < / < j - 1, 

I xi H-h Xj-i + 2xj - yj if I = j. 

The element rij acts trivially on other x;’s and yks. 
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In the case {i,j) G I and i < 0, 



Hence 


rij{xj) = {bjajCij){xj - yj) 

~ — • • • — Xj-i — yj) 







x-i+i H - \-Xj +yi-yj if - i + 1 < / < J - 1, 

x-i+i H-h Xj-i + 2 xj - yj if I = j. 


The element rjj acts trivially on other xi^s and i//’s. 


□ 


5. Proof of Theorem 11.11 for g = 2,3 


In this section, we prove Theorem II.11 for g = 2,3. We denote by A the ring Z or 'L/n'L for 
an integer n > 2, and Ha = HiiTig-, A). Recall that, for a gronp G and a left G-modnle M, 
a map d : G —)■ M is called a crossed homomorphism if it satishes d{hh') = d{h) + hd{h') for 
h, h' G G. For a gronp G and a left G-module M, we consider gronp cohomology H*{G-, M) 


as that of the standard chain complex indnced by the bar resolntion. Then, the space of 
1-cocycles Z^{G-,M) is identihed with the space of crossed homomorphisms from G to M, 
and the space of 1-cobonndaries B^{G-,M) is identihed with the image of the coboundary 


map S : M ^ Z^iG] M) dehned by 5{m){h) = hm — m for m G M. See [2l Section 2.3] for 


details. 


As written in m Theorem 19], the handlebody mapping class group Hg is generated by 
si, ri^ 2 , ti, and u = tit 2 ■ ■ - tg-i. Therefore, crossed homomorphisms d : Hg —)■ Ha are 
uniquely determined by the values d(ai), d(si), d(ri^ 2 ), d{ti), and d{u). Moreover, a 5-tuple 
of elements in Ha becomes values of Oi, Si, ri 2 , G, and u under some crossed homomorphism 
d on Hg if and only if they are compatible with the relations (P1)-(P12) in Theorem 14.11 
The basis {xi,... ,Xg,yi,... ,yg} of Ha induces an isomorphism Ha = A^^. For v G Ha, we 
denote its projection to the i-th coordinate of A^^ by Uj G A for i = 1, 2,..., 2g. 

Lemma 5.1. 


H^{H2] Ha) = {de Z^(Hg; Ha); d(ri,2)i = d(si)3 - c?(fi,2)4 = d{u)2 = d{u)A = 0}, 
H\H:,;HA) = {deZ\Hg;HA); 


d(ri,2)i = (i(si)4 - d(ri,2)5 = d{u)2 = d{u)3 = d{u)5 = d{u)e = 0}. 








16 


TOMOHIKO ISHIDA AND MASATOSHI SATO 


Proof. Let f 2 '. Z^{T-L2]Ha) and f^: t A^ be homomorphisms defined by 

/ 2 (d) = (d(ri,2)i,d(si)3 - d(ri,2)4,d(M)2,d(M)4), and 

/3(d) = (d(ri,2)i,d(si)4 - d(ri,2)5,d(M)2,d(n)3,d(M)5,d(M)6), 

respectively. Then, the composition maps fgO^: Ha A^^ are written as 

/2 o 5 (n) = (-^2 + ^3 + ^4, -n3 + 2^4, Ti - ^2 + Vi, V3 - Vi), 

h 0 <^(v) = (-V2 +Vi + V5, -Vi + 2 ^5, Vi -V2+V5+ V6, V2-V3+ V6, Vi - V5, V5 - Vq), 

for V G Ha- Since these maps are isomorphisms, we have 

H\Hg-,HA) = Z\Hg-,HA)/B\Hg-,HA) = Kei fg 

for g = 2,3. □ 

Lemma 5.2. Suppose d G Z^fHg-, Ha) satisfies d{u )2 = ■■■ = d{u)g = d{u)g ^2 = ••• = 
d{u) 2 g = as in Lemma ldJi Then, 

(1) d(aj) = n*“^d(ai). 

(2) d{ti) = u^-^d{ti). 

Proof. Note that a* = It can be checked using the relation (P7). Hence we 

have 

d(ai+i) = d{u) + ud{ai) — uaiU~^d{u) = d{u) + ud{ai) — ai+id{u). 

Since (aj+in)i = Vi and (aj+in)g+i = for any v G Ha, we have ai+id(M) = d{u), and 
thus d(aj+i) = ud{ai). By induction on i, we have the equation (1). The equation (2) can be 
similarly verified. □ 

Lemma 5.3. Suppose d G Z^iHg] Ha) satisfies d{u )2 = ■■■ = d{u)g = d(n)g +2 = ••• = 
d{u) 2 g = as in Lemma lSHi Then 

(1) d(ai)g+i = • • • = d{ai)2g = 0. 

(2) 2d(ai)2 = • • • = 2d{ai)g = 0. 

(3) d(si)g+2 = • ■ ■ = d(si)2g = 0. 

(4) d(si)g+i = -2d(ai)i. 

(5) d(ai)2 + d(ri_2)g+i = 0. 

Proof. For any i and j, 

d^OiOj) = d(ai) + aid{aj) = d^afi + d{aj) + d{aj)g+iXi. 

Since ai and a, commute for any 1 < * < S' by the relation (PI), it must be d(aiaj) = d(aiai), 
and thus d{ai)g+i = 0 for any 2 < i < g. 

Since ai and ri ^2 commute by the relation (P10)(a), it must be 


(1 - ai)d(ri,2) = (1 - r-i,2)d(ai). 
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Since ((1 — ri^ 2 )v)g +2 = L'g+i + 2Tg+2 for any v G Ha while ((1 — ai)v)gA 2 = 0, we have 
d{ai)g+i = 0 and thus the equation (1). Since ((1 —'ri^ 2 )'i^)i = 1^2 —~'^s +2 for any v G Ha 
while ((1 — ai)T)i = —n^+i, we have the equation (5). 

Note that a* and Sj commute for any 1 < i, j < g. It can be verified using the relations 
(PI) and (P7). Hence it must be 

(1 — Sj)d{ai) = (1 — ai)d{sj). 

Suppose i = 1 and 2 < j < g. Then we have the equation (2) because ((1—= 2vj—2vg+j 
and ((1—ai)T)j = 0 for any v G Ha- Suppose 2 <i < g and j = 1. Then we have the equation 
(3) because ((1 — = 0 and ((1 — ai)v)i = —for any v G Ha- Suppose i = j = 1- 

Then we have the equation (4) because ((1 — si)t)i = 2vi — 2vg^i and ((1 — ai)r;)i = —Ug+i 
for any v G Ha- □ 

5.1. H^{'H 2 '-, Ha)- Here, we assume g = 2 and prove that H^{'H 2 ', Ha) = Hom((Z/2Z)^, H). 
Then, the universal coefficient theorem implies Hi{'H 2 '-,H) = (Z/2Z)^ and we complete the 
proof of Theorem 11.11 when g = 2. 

Let d G Z^{'H 2 ] Ha) be a crossed homomorphism satisfying the condition d{ri^ 2 )i = ^( 51)3 — 
c?(fi, 2)4 = d{u )2 = d{u )4 = 0 as in Lemma [5Tl Note that in this case u = ti. By Lemma 1531 
we can set 

d{ai) = WiaXi + Wi^ 2 X 2 , 
d{si) = W 2 AX 1 + W 2 , 2 X 2 + W2,3yi, 
diti) = WsaXi + W3,3l/1, 
d(ri^2) = Wi^2X2 + W4,3l/1 + IF4,4?/2. 

By the condition on d and Lemma 15.31 we also have 

(5.1) 2 wi^2 = 0, W 2,3 = WiA = and wi ^2 + 1 ^ 4,3 = 0. 


Lemma 5.4. 

Moreover, we have 


Wi ^2 = IF 4,3 = 0 . 


d{di^2) = ITi,i(xi + X2)- 


Proof- Since Wi ^2 + W 4^3 = 0, it suffices to prove that W 4^3 = 0. Note that by Lemma [521 we 
have 1 /( 02 ) = tid{ai) = wi^ 2 Xi + wiaX 2 - Since di ^2 = 'ri,202F72 by the relation (P10)(a), 

d(di 2) = d(ri,2) + n,21/(02) - ri,202r((2t/(ri,2) 

= (1 — di^ 2 )d{ri^ 2 ) + Fi,21/(02) 

= (-rai,l - W4,3 - U!iA){Xl + X 2 ) + Wi^2Xl- 

Since 02 = fi^ 2 i/i, 2 f )"2 by the relation (P10)(f), 

1/(02) = (1 - a2)d{ri^2) + Fl,2l/(l/l,2) = Wi^2Xl + {WiA + W 4 , 3 )x 2 - 
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Thus we obtain ^43 = 0 . By the equation ^44 = — 2 wi^i in fIS.ip . we have d{di^2) = 

Wi^l{Xi+X2). □ 

Lemma 5.5. 

11^2,3 = ^3,1 = ^3,3 = 1(^4,4 = 0. 

In particular, we have d(ti) = 0 and 2 wi^i = 0 . 

Proof. Recall that = (sitiSi)“^fii,2(sRiSi)- In the case g = 2 , the Dehn twist 

d-2-1 coincides with di^2- Hence the elements di_2 and sitiSi commute and it must be 
(1 — di^2)d(sitiSi) = (1 — SitiSi)(i((ii^2)- Since 

((1 - di,2)d(sitisi))i = ((1 - di,2)d(sitisi))2 = -2^2,3 + W3,3, while 
((1 — SitiSi)(i((ii^2))i = ((1 ~ SitiSi)d{di^2))2 = 2ici,i, 

we have 2 wi^i = —2w2,3 + ^3^3. The equation W2,3 = — 2 wi^i in fl 5 . 1 l) shows W2,3 = u'3,3. 

Since W2,3 = u'3,3 = u'4^4, it remains to prove that W3^i = tC3^3 = 0 . Note that each of d(ai), 
1/(02), and d{d\^2) are in La = Ker(i7i(S2; H) —)■ Hi{H2] A)). By the relation (P6), 

4.2 i2 -2 -2 

tl — O4 2®! ^2 • 

Since each of oi, 02 and di^2 acts on L trivially, we have 

d{d\2af‘^af‘^) = 2{d{di^2) — d{ai) — 1 /( 02 )) = 0 . 

On the other hand, we have 

difl) = d(ti) + tidifi) = W 3 a{xi + X2) + 103 , 3 ( 3^3 + 2 : 4 ) + W 3 ^ 3 Xi. 

These equations show W3A = W3^3 = 0 . □ 

Lemma 5.6. 

t 04,2 = 0. 

In particular, we have d{ri^2) = 0 . 

Proof. The relation tiri 2/1 = Ti,2/i^"i, 2 in (PH) shows 

(1 - /i + ri,2/i)c/(ri,2) = (1 - ri,2 + /iri,2)c/(/i). 

By Lemma [ 5.51 the right hand side is equal to zero. Since 

(1 - /l + ri,2tl)c/(ri,2) = Wa^ 2X2, 

we have 104^2 = 0 . □ 


2 w2^2 — 0. 


Lemma 5.7. 
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Proof. The relation rl 2 = 2 (P9) cind Lemma [5.61 show 

d{s2di^2S2df^) = d{rl2) = 0 . 

Recall that ki = aia 2 tidfl and S 2 = kiSikf^. Hence we have 

d{ki) = d{ai) + d{a 2 ) — tid(di, 2 ) = 0, and 
d{s2) = d{k\) + kid{si) — S2d{ki) = kid{si). 

Therefore, we have 

d{s2di^2S2df^) = (1 + S2dl,2)d(s2) + (S2 - l)ci(cil,2) = 2W2,2Xi 

and thus 2 ^ 2,2 = 0. □ 

Lemma 5.8. 

W2,l = W2,2- 

Proof. Recall that = aia 2 SitiSi(ii ,2 and Z 2 = kiz. Hence we have 

d(yZ^ = d(cii) T d(ci2) T (1 T siti)d(si) T 'SitiSi(i((ii^2) 

= {w 2 ,i + W 2 , 2 ){xi + X 2 ), and 
d{z 2 ) = d{ki) + kid{z) = d{z). 


Hence 

(1 - ri,2)d(^2) = (W2,l + W2,2){xi + 2X2) 

Since ri 2 and Z 2 commute by the relation (P10)(e), it must be (1—'ri_ 2 )<^( 2 : 2 ) = i)-—Z 2 )d{ri^ 2 ) = 
0. Thus we have tC 2 ,i = W 2 ^ 2 - D 


Summarizing Lemmas 15.4115.5115.6115.71 and 15.81 we have 


d{ai) = lUyiTi, d{si) = W 2 ,i{xi + X 2 ) and difi) = d{ri^ 2 ) = 0, 

where 2wi^i = 2w2,i = 0. It can be verihed that such d is compatible with the relations 
(P1)-(P12). Now we have 

H^{PL 2 ] Ha) = Ker /2 = {(rci^i, rc 2 ,i) ^ 2^1 1 = 2 ^ 2,1 = 0}. 

Proposition 5.9. 


7 / 1 CH 2 ; L) ^ Z/2Z, 77i(772; HIL) ^ H^{H2] H), 

and the homomorphism H 2 (fH 2 ] H/L) —)■ Hi(f}-L 2 ;L) induced by the exact sequence 0 —?• L —?• 
H H/L 0 is surjective. 

Proof. As well as Lemma 15.31 we can verify that 

H\n2, Ha/La) = {L G Z\n2-, Ha/La)] d\s,), - ^'(^, 2)2 = d'{u)2 = 0}. 











20 


TOMOHIKO ISHIDA AND MASATOSHI SATO 


Similar calculations in Section I^TTl show that a crossed homomorphism d': 'H2 Ha/La such 
that d'{si)i — (i'(ri 2)2 = d'{u)2 = 0 is compatible with the relations (P 1 )-(P 12 ) if and only if 

d'{ai) = d'{ti) = 0 , d'{si) = ^2,3(2/1 + 2/2) and d'(ri,2) = ^2,32/2 

where w'2^2, ^ ^ satishes 2102^3 = 0 - Thus, we obtain H^{'H2; Ha/La) = {^2,^ ^ 2102^3 = 0 }) 

and the universal coefficient theorem implies Hi{'H2]L) = Z/ 2 Z. 

Next, we prove that Hi{Li2]H/L) = Hi{'H2',H) and the homomorphism H2{Li2]H/L) 
Hi{LL2]L) is surjective. Since Hq(LL2', L) = = 0 as shown in Lemma [221 we have the 

exact sequence 

H2{H2]H/L) -^ H^{'H2]L) -^ H^{n2,H) -^ H,{'H2;H/L) -> 0. 

Thus, it suffices to show that the homomorphism Hi{'H2', L) —)■ Hi{'H2', H) is the zero map. 

As we saw in the proof of Theorem 11.11 Ker(/2: Z^{LL2]Ha) —>■ A'^) is contained in 
the image of the homomorphism Z^{1-L2 ',La) Z^{'H2]Ha)- Thus, the homomorphism 

H^{'H2', Ha) —)■ H^{LL2] Ha/La) induced by the projection Ha Ha/La is the zero map. 
The universal coefficient theorem implies Hi(H,2', L) — Hi{'H2', H) is the zero map. □ 

5 . 2 . H^{H3]Ha)- Here, we assume g = 3 and prove that Hi{LL3]Ha) = Hom(Z/ 4 Z © 
Z/ 2 Z, A). Then, the universal coefficient theorem implies Hi{Li3]H) = Z/ 4 Z© Z/ 2 Z, and 
we complete the proof of Theorem 11.11 when g = 3. 

Let d G Z^{'H3] Ha) be a crossed homomorphism satisfying the condition d{ri^2)i = ^(51)4— 
<^(^1,2)5 = d{u)2 = d{u)3 = diu)^ = digLjQ = 0 as in Lemma IHTTl By Lemma ESI we can set 

d{ai) = WiaXi + Wi, 2 T 2 + 101 ^ 3 X 3 , 
d{si) = W 2 ,lXl + W 2 , 2 X 2 + W 2 , 3 X 3 + ^2,42/1, 
d(ti) = W 3 aXi + W3^2X2 + 103 ^ 3 X 3 + tC3,42/l + ^l'3,52/2 + 1113,62/3, 
d(ri,2) = 104 , 2 X 2 + 104 , 3 X 3 + W 4 , 4 yi + Ml4,52/2 + lT4,62/3- 
By the condition on d and Lemma 15.31 we also have 
(5.2) ‘ 2 ^Wi ,2 = 2101,3 = 0, W2,4 = 1114,5 = —2iOi,i, and 104,2 + ii'4,4 = 0. 

Lemma 5 . 10 . ( 1 ) 104,2 = 1^4,4 = 0 . 

(2) wi,3 = 0. 

( 3 ) 2 w 3,3 = 0 . 

( 4 ) W 3,4 + W 3,5 = 0 . 

( 5 ) 1113,6 = 0 . 

( 6 ) d{d4,2) = 104,2{X4 +X2). 

Proof. Since oi and ri^s commute by the relation (P 10 )(a), it must be (1 — ai)(i(ri^3) = 
(1 — ri,3)d(ai). Since 

((1 - ri,3)d(ai))2 = Mips, while (1 - ai)d(rp3)2 = 0, 
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we have the equation ( 2 ). 

Since d{t 2 ) = ud{ti) = tit 2 d{ti) by Lemma 15^ we have 

d { t 2 ) = (^3,3 + 11^3,4 + + (^3,1 + ^3,6)3^2 + (^3,2 + ^3,6)3^3 

+ W’ifi'yi + W 2 .,Ay 2 + W 3 , 5 l/ 3 - 

Since Oi and ^2 commute by the relation (P7), it must be (1 — ai)d{t 2 ) = (1 — t 2 )d{ai). Since 

((1 - t 2 )d{ai ))2 = wi ,2 while (1 - ai)d{t 2)2 = 0 , 
we have the equation (1). Furthermore, since 

(1 - ai)d{t 2 )i = -W’ifi while ((1 - t 2 )d{ai))i = 0 , 
we have the equation (5). 

Now we have d{ai) = Wi^iXi. Note that by Lemma [521 d(aj) = u^~^d{ai) = Wi^iXi for any 
1 < i < 3. Since di ^2 = f'i, 2 Q‘ 2 '^i 2 by the relation (P10)(a), we have 

d{di^2) = (1 - di^2)d{ri^2) + n, 2 ^( 02 ) = - R'4,5)(xi + X 2 ). 

Since tC 4_5 = we have the equation ( 6 ). 

Since di ^2 and ti commute by the relation (P 8 ), it must be (l — di^ 2 )d(ti) = (1 — ti)d(di, 2 ) = 
0. Since (1 — di^ 2 )d(ti) = —(tC 3,4 + ta 3 , 5 )(a;i + X 2 ), we have the equation (4). 

Since Si and ^2 commute by the relation (P7), it must be (1 — Si)d{t 2 ) = (1 — t 2 )<^(si)- 
Since ((1 — Si)d{t 2 ))i = while ((1 — t 2 )<^(ti))i = 0, we have the equation (3). □ 

Since ((1 — t 2 )d(si ))2 = W 2,2 — 'n' 2,3 — tC 3,4 while (1 — Si)d{t 2)2 = 0, we have 

(5.3) W2,2 - W2,3 - W3A = 0. 

Lemma 5.11. 

U!3,2 = 1 ^ 3,3 and W 3 ^A = W 3^3 = 0. 

Proof. Since d{u) = d{tit 2 ) = difi) + tid{t 2 ), a straightforward computation shows 
d{u )2 = W 3,2 + W 3,3 + 1 ^ 3 , 4 , d{u )3 = ^ 3,2 + ^ 3 , 3 , and d{u )3 = d{u)e = 103 ^ 5 . 

Since d{u) 2 , d{u) 3 , d{u) 5 , d{u)Q = 0, we have 

W3,2 + ^3,3 = 1^3,4 = W3,5 = 0. 

Lemma 15.10! (3) implies W 3 2 = W 3 , 3 . □ 

Lemma 5.12. 

W2,2 = W2,3, ‘^W2,2 = 2 ^ 2,3 = 0 . 

Proof. The equation ^ 2,2 = ^ 2,3 follows from Lemma [5.11! and Equation fl5.3p . 

Next, we prove 2 w 2,2 = 2 tC 2,3 = 0. Since si and t’_i ^2 commute by the relation (P10)(c), it 
must be (1 — si)d{r_i^ 2 ) = (1 — F_i^ 2 )d(si). Since 

((1 - r_i, 2 )(i(si ))2 = 2 w 2,2 while (1 - si)(i(r_i, 2)2 = 0 , 
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we obtain 2 ^ 2,2 = 2 ^ 2,3 = 0. □ 

Lemma 5.13. 

4wi,i = 2^2,4 = 2^3 1 = = 0 . 

Proof. As in (P 8 ), ti and sitiSi commute. Thus it must be (1—ti)(i(sitiSi) = (1— 

Since 

(i(sitiSi) = d(^Si^ T Sid(ti^ Sitidi^sfj 

= {W2,l + W2,2 - ^ 2,4 - W3^i)Xi + (^2,1 + ^2,2 + W 3 ^ 2 )X 2 + 103^3X3 + W 2 , 4 (l/l + I/2), 

we have 


(1 - ti)d{sitiSi) = -(^3,1 + W3^2){xi - X2) - 2^2,4X1, while 
(1 - SitiSi)d{ti) = (W3,1 - W 3 , 2 )(ti - X 2 ). 

Hence we have 2^2,4 = 2^3^! = 0 . Since ^2,4 = ^4,5 = — 2 wi,i, we also have = 2^2,4 = 

2^4,5 = 0 . □ 

Lemma 5.14. 


^4,2 = 2 tC 4,3 = 0 . 


Proof. By the relation r^2 = ' 52 ^ 1 , 2 - 52^12 in (P 9 )) we have d{rf2) = ^(-52^1,2-52^1 2)- First, we 
have 

^^(^1,2) = ^^(^1,2) + ri,2d{ri^2) = {-U!4,2 + W4,5)3^1 + 2^4,33^3 + 2W4,6l/3- 

Next, we compute d('52di,2'52<^p2)- Since <^1,3 = t2di,2V^ and <^2,3 = we have 

d{di^3) = wi^i{xi + X3) and ^(^2,3) = 1(2^2 + 2:3). 

Recall that ki = aiOi+itidfl^^ for i = 1 , 2 . Hence we have 

di^kf) ) 

d{cijfj T (Xid((X^-i-i) T (ii(ii4-\d{tfj 
= d{ti). 

Since Sj+i = kiSikf^ for i = 1 , 2 , 

d{si+i) = d{ki) + kidfsi) - Si+id{ki) = kidfsf). 


Thus we obtain 


(i(s 2 dl, 2 ' 52 <^l, 2 ) ~ (i- T - 52 *^ 1 , 2 )*^(' 52 ) + - 52(1 ~ C?l, 2 ' 52 *^l, 2 )'^(*^l, 2 ) 
= - 2 Wi^iX 2 + W2,4(3^1 + X2) 

= W2,4Xl. 


0 . 


Comparing ^(^12) and ^(-52^1,2-52^1 2); we have 104^2 = 21x4^3 = 


□ 
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Lemma 5.15. 

In particular, 


W 3 ,l + W 3,2 = W3,3 = ^4,3 and W 4,6 = 0 . 


21 ^ 3,1 = 2 ^ 3,2 = 2 ^ 3,3 = 21 ^ 4,3 = 0 . 

Proof. The relation tiri 2^1 = Fi 2tiri 2 in (Pll) shows 

(1 - + ri, 2 ti)c/(ri, 2 ) = (1 - ri ,2 + tiri, 2 )ci(ti). 

A straightforward calculation shows 


(1 - ri,2 + tiri^2)d{ti) = (w3,i + W3,2)3:2 + ^3,33:3, and 
(1 - ti + ri,2ti)(i(ri,2) = tC 4 , 53:2 + ^4,33:3 + 3 ^ 4 ,el/s- 
Thus we have + ^3,2 = 3T4,5, 1^3,3 = ^4,3, and tC4,6 = 0 . 


□ 


Lemma 5.16. 


tC 2 ,l = 0 . 


Proof. As in (P 12 ), ri_3 = 8301^3530^ \k2a^ait2d.^ 2^2 2'S2^2Fi 2^2 ^^2 where h2 

Since 

d{h2) = 3T3,i^i + 3T3,23:2 + and 

( 5 . 4 ) d(s 3 Ci, 3 S 3 C];; 3 ) = w;2,4(3:1 + 3:2), 

we have 


^k2. 


C?(fi,3) = (-3T2,i + 3112,2)3:1 + (3112,3 + 1113,2)3:2 - 31l2,l3:3 + 1114,53/3 and 

d {'^ l ,3) = C^(3’1,3) + 3’1,3C^(3’1,3) = (-3112,1 + 1114,5)0:1 + (m12,1 + 3114,5)3:2 

by a straightforward calculation. The relation r^g = 8301,3530^2 in (P 9 ) and the equations 
fl 5 . 4 l) show that 102,1 = 0 . □ 


Lemma 5.17. 

In particular, 


3133,2 — 3113,3 — 3134,3 — 0. 
3132,4 = 3133,1 = 3134,5 = 2l(li,i. 


Proof. It is sufficient to prove that 103,2 = 0. Recall that 2 ; = {aia 2 a 3 )sitit 2 SitiSiCi ^3 and 
Z 3 = k 2 kiz. Hence we have 

d{z) = 102 , 4 ( 3:1 + 3:2 + 3:3 + 1/1 + 1/2 + 1 / 3 ) + 1133 , 33:1 + 1133 , 13:2 + 303 , 23 : 2 , 

and ^( 2 : 3 ) = d{z). Since ri g and z^ commute by the relation (P10)(e), it must be (1 — 
ri^f)d{zf) = (1 — zz)d{ri^‘i). A straightforward calculation shows 

(1 - ri, 3 )ci(z 3 ) = 103 , 2 ( 3:1 + 0 : 2 ) 

while (1 — zz)d{ri^‘i) = 0. Thus we obtain 103,2 = 0. □ 
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Summarizing Lemmas 15.10115.11115.12115.13115.14115.15115.161 and 15.171 we have 

d{ai) = d{si) = W2,2{x2 + X3) + 2wi^iyi, 

d{ti) = 2wi^iXi, and d{ri^ 2 ) = 2 wi,i |/2 

where dwi 1 = 2 ^ 2,2 = 0. It can be verihed that such d is compatible with the relations 
(P1)~(P12). Now we have 

= Ker /3 ^ {(Wi, 1 ,W 2 . 2 ) e = 2W2,2 = 0 }. 

Proposition 5.18. 

H,{n3;H/L) ^ (Z/2Z)2, 

and the image of the homomorphism H 2 (fH 3 ; H/L) —)■ Hi{l-i 3 -, L) induced by the exact sequence 
0 ^ L ^ H ^ H/L —)■ 0 zs isomorphic to Z/2Z. 

Proof. As we saw in the proof of Theorem 11.11 under the isomorphism 

H^(/H3;Ha) = {(wi_i,W2,2) £ = 2 ^ 2,2 = 0}, 

the submodule {(tcpi, tC 2 , 2 ) G A^;2tci_i = 2 w 2,2 = 0} is in Im(i7^('H3; La) —t H^{LL3 ]Ha)). 
The universal coefficient theorem implies Im(i7i('H3; H) —)■ Hi{'H 3 ] H/L)) is of order at least 
4. On the other hand, Hi{'H 3 ] H/L) is at most order 4 as explained in Remark 13.91 Thus we 
obtain Hi{n 3 ]H/L) = {Z/2Z)L 

By Lemma [2^ the coinvariant Ho{'H 3 ] L) is trivial. Thus the homomorphism Hi{'H 3 ] H) —)■ 
HilLLs] H/L) is surjective. Since HilLLs'^H) = Z/4Z©Z/2Z, we have Hi{'H 3 ] L) = (Z/2Z)^ 
and Hi{'H 3 ', H/L) = (Z/2Z)^. The exact sequence 

H2{'H3-,H/L) -^ 7 / 1 ( 773 ; L) -^ //i(/73;//) -^ H3{'H3-,H/L) -^ 0 

shows Im(// 2 CH 3 ; H/L) // 1 CH 3 ; L)) ^ Z/2Z. □ 

6. Proof of Theorem 11.21 

In this section, we prove Theorem 11.21 and calculate Hi{'H*;L) and Hi(/H*;H/L). 

Lemma 6.1. 

(L 0 L*)n, = (L 0 H)h, = Z. 

Proof. The action of LLg on L factors through GL( 5 f;Z), and L is isomorphic to R = Z^ 
endowed with the natural left GL( 5 f; Z)-module. Thus, the fact that {V 0 V* )GL(g;Z) — Z 
implies (L 0 L*)gi^ = Z. 

Next, recall that the intersection form on H induces an isomorphism L* = H/L. Since 
there is an exact sequence 

^ (L0//)r^, -^ iL^L*)n, -1 0, 
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it suffices to show that Im((L®^)^^ —)■ is trivial. Since this image is generated by 

Xi ® Xj ioT 1 < i < g and 1 < j < S', and 

ttj {xi ® Hj) - Xi® Uj = Xi® Xj, 

we obtain Im((L'^^)^g —)■ (L ® H)'Hg) =0. □ 

Proof of Theorem M.^ The exact sequence 1 —)• Z —)■ Pig^i —)■ PPg —t 1 induces an exact 
sequence 

^ ^ ^ 0 . 

Since Hi{Z] H)-^* = Hy^* = 0, we obtain an isomorphism HiifHg i] H) = H). 

Next, we compute Hi{'H*g] H). Morita showed that H) = Z and the forgetful exact 

sequence 1 —^-vriSg—)-l induces an exact sequence 

0 -^ Z -^ Hi{M*g-,H) -^ Hi{Mg-,H) -^ 0 

when g > 2. In Lemma [ 6 .11 we showed the isomorphism Hi{ 7 ri'Eg-, H)y* = Z induced by the 
intersection form on H. Thus, restricting the exact sequence to "H*, we obtain a commutative 
diagram 

Z -^ H^{n*g-,H) -^ HiiUg-^H) -^ 0 


0 -^ Z -^ Hi{M*g]H) -^ ^ 0. 

By the above diagram, both the kernels and the cokernels of the homomorphisms H) 

Hi{Ai*g] H) and Hi{'Hg]H) —)■ Hi{fAg] H) coincide. By Remark 13.21 and Theorem II. 11 we 
see that Coker(iLi('H*; if) —)■ H)) is trivial for > 2 and that Ker(iii(if*; ii) —)■ 

Hi{Ai*g] H)) is trivial when g > 4: and is isomorphic to Z/2Z when g = 2,3. Thus we can 
determine iii('H*; if). □ 


Proposition 6.2. (1) When g > 2, the forgetful homomorphism PL* —)■ Pig induces an 

isomorphism 

Hi{U*g,H/L) = H^{Ug-H/L). 

In particular, we have 


Hr{n*g,H/L) = 


Z/2Z 

(Z/2Z)2 


^fg > 4 , 

if g = 2,3. 


( 2 ) When g > 4, the homomorphism Hi{Pi*g,L) —>■ Hi(PL*;H) induced by the inclusion 
L ^ H is injective. When g = 2,3, Ker(iii('H*; L) Hi{PL*', H)) = Z/2Z. In 
particular, we have 




z 

Z©Z/2Z 


^fg > 4 , 

if g = 2,3. 
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Proof. Consider the exact sequences between homology groups with coefficients in L induced 
by the forgetful exact sequences 1 —)■ TTiSg —)■ Ai* —)■ Aig —)■ 1 and its restriction 1 —)■ 

TTiSg —)■ P,* —)■ Hg —)■ 1. Applying Lemma IffiTl we obtain a commutative diagram 

Z -> Hi{n*g]L) -^ HiiUg^L) -^ 0 

0 -^ Z -^ H^{H*g]H) -^ H^{Hg]H) -^ 0. 

By the above diagram, both of the kernels and the cokernels of the homomorphisms L) — )■ 

Hi{l-L*]H) and HiifHg] L) —)■ HiifHg^H) coincide. In particular, by Lemma [221 we obtain 

H,{n;;H/L) ^ Coker(Lfi(?f;;L) ^ H)) 

= CokeiiHiiUg] L) H^{Hg]H)) 

= H,{ng-,H/L). 

In Remark [3.lUI and Propositions 15.91 and 15.181 We see that ¥>.ei{Hi{l-Lg] L) HiifHg] H)) is 
trivial when (? > 4, and is isomorphic to Z/2Z. In Lemma IffiTI and Propositions 15.9! and 15.18l 
we also see that Coker(iLi('Hg; L) —)■ Hi{'Hg', H)) is isomorphic to Z/2Z when (? > 4, and is 
isomorphic to [fLjTEf' when g = 2,3. Thus, we can determine L). □ 
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